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We propose an experiment demonstrating the nonlocal- 
ity of a quantum singlet-like state generated from a single 
photon incident on a beam splitter. Each of the two spa- 
tially separated apparatuses in the setup performs a strongly 
unbalanced homodyning, employing a single photon counting 
detector. We show that the correlation functions violating the 
Bell inequalities in the proposed experiment are given by the 
joint two-mode Q-function and the Wigner function of the 
optical singlet-like state. This establishes a direct relation- 
ship between two intriguing aspects of quantum mechanics: 
the nonlocality of entangled states and the noncommutativ- 
ity of quantum observables, which underlies the nonclassical 
structure of phase space quasidistribution functions. 

PACS Number(s): 03.65.Bz, 42.50.Dv 



A fundamental step providing a bridge between clas- 
sical and quantum physics has been given by Wigner in 
form of a quantum mechanical phase space distribution: 
the Wigner function pi. From the pioneering work of 
Weyl, Wigner and Moyal, it follows that the noncommu- 
tativity of quantum observables leads to a real abundance 
of different in form quantum mechanical phase space qua- 
sidistributions. A description of quantum phenomena in 
terms of the Wigner or the positive-Q quasidistributions, 
provided a milestone step towards a c-number formula- 
tion of quantum effects in phase space [Q. 

Due to Einstein, Podolsky, and Rosen (EPR) M, fol- 
lowed by the seminal contribution of Bell B , the meaning 
of quantum reality and quantum nonlocality has become 
a central issue of the modern interpretation and under- 
standing of quantum phenomena Q . Such concepts like 
entanglement and quantum nonlocality have generated a 
real flood of theoretical work devoted to various connec- 
tions of the quantum description with different views or 
representations of the quantum formalism. 

Despite all these theoretical works a direct link be- 
tween various phase space distributions and the nonlo- 
cality of quantum mechanics has been missing. In some 
works H the quantum phase space has been treated as 
a model for a hidden variable theory, and the incompati- 
bility of quantum mechanics with local theories has been 
attributed to the nonpositive character of the Wigner 
function. In this context it has been argued that the 
original EPR wave function cannot violate the position- 
momentum Bell inequality, because the corresponding 
Wigner function is positive everywhere. 

It is the purpose of this Letter to propose an experi- 
mental demonstration of nonlocal effects in phase space 



exhibited by a quantum optical singlet-like state gener- 
ated from a single photon. The entanglement will be 
represented by a correlated state of light, which refers 
to two spatially separated modes of the electromagnetic 
field. We show that the proposed experiment establishes 
a direct relationship between quantum nonlocality and 
the positive phase space Q-function, as well as the non- 
positive Wigner function. We demonstrate that for a 
certain class of experiments these two quasiprobability 
distributions are nonlocal correlation functions violating 
Bell's inequalities. 

In this Letter we propose a realistic photon counting 
experiment which leads directly to a measurement that 
is described by the phase space Q-function or the Wigner 
function. We show that these functions are equal to ob- 
servable joint photon count correlations and as such can 
be put to test of local realism in form of Bell's inequalities 
for an entangled single photon. Our approach is different 
from all the previous discussions involving the relation of 
quantum nonlocality and the phase space quasiprobabil- 
ity distributions. To the best of our knowledge, no such 
direct relation between various phase space quasidistri- 
butions and the nonlocality of quantum correlations has 
ever been satisfactorily established. 

The link of quantum nonlocality to the Q-function is a 
rather surprising result, since this particular distribution 
function is positive everywhere, which has been consid- 
ered as a loss of quantum properties due to simultaneous 
measurement of canonically conjugated observables. 

The setup to demonstrate quantum nonlocality in 
phase space is presented in Fig. A single photon im- 
pinges onto a 50:50 beam splitter. The quantum state 
written in terms of the outgoing modes, which we will 
label with a and &, is of the form analogous to the singlet 
state of two spin-1/2 particles [Q: 



|*) = i(|l) o |0) 6 -|0> B |l) 6 ). 



(1) 



Each of the measuring apparatuses consists of a pho- 
ton counting detector preceded by a beam splitter with 
the power transmission T. The second input port of the 
beam splitter is fed with a highly excited coherent state 
I7). As it is known S, in the limit T — > 1 and 7 — * 00, the 
effect of the beam splitter is described by the displace- 
ment operator D(y/l — T7) with the parameter equal to 
the amplitude of the reflected part of the coherent state. 
In the following, we will assume that this limit describes 
sufficiently well the measuring apparatuses. 
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The first type of the measurement we will consider is 
the test for the presence of photons. This is a more realis- 
tic case, as the most efficient detectors available currently 
for single-photon level light, namely the avalanche photo- 
diodes operating in the Geiger mode, are not capable of 
resolving the number of photons that triggered the out- 
put signal. This type of measurement is described by a 
pair of two orthogonal projection operators depending on 
the coherent displacement a = y/l — T7: 

Q(a) =£»(a)|0)(0|D t (a) 

OO 

P(a)=D(a)X>><n|£t(a) (2) 

n=l 

which satisfy the completeness relation: 

Q(a) + P(a) = i. (3) 

In the following, we will use the indices a and b to refer 
to the two apparatuses. 

In contrast to the standard approach, we will be inter- 
ested in events when no photons were registered. The 
joint probability of no-count events simultaneously in 
both the detectors is: 

Q ab (a,p) = (V\Q a (a)®Q b (l3)\y) 

= i|a-/?| 2 e-H 2 ^l 2 (4) 

where a and /3 are coherent displacements for the modes a 
and b, respectively. The probabilities on single detectors 
are: 

Q a (a) = (*$«(«) ® 1 6 |*> - i(H 2 + l)e-l Q l 2 , 

QbiP) = ® Qbim) = \i\P\ 2 + iK l/3 ' 2 - (5) 

The measurement is now performed for two settings 
of the coherent displacement in each of the apparatuses: 
either zero, or a for the mode a and /3 for the mode b. 
From the resulting four different correlation functions we 
build the Clauser-Horne combination ||: 

CH = Q a (0) + Q b (0) - Q q6 (0,0) 

-Q ab (a,0)-Q ab (Q,l3) + Q ab {a,l3), (6) 

which for local theories satisfies the inequality < CH < 
1. We will take the coherent displacements to have equal 
magnitudes \a\ 2 = \/3\ 2 = J and an arbitrary phase dif- 
ference (3 — e 2llp a. For these values we obtain 

CH = 1 - Je- J + 2Je~ 2J sin 2 tp. (7) 

As depicted in Fig. ^|, this result violates the upper bound 
imposed by local theories. The violation is most signif- 
icant for the phase (p which maximizes the last term in 
Eq. ([?]). This takes place when the coherent displace- 
ments have opposite phases /3 = —a. 



Let us note that when no displacements are applied, 
the detectors measure the bare state I*). This state con- 
tains a single photon in the sense that it is an eigenstate 
of the total photon number operator n a + n b with an 
eigenvalue 1. In this case Q ab (0,0) — 0, which means 
that the photon is always registered by one of the detec- 
tors. 

The only measurement that is required to demonstrate 
the nonlocality of this state requires single and joint reg- 
istration of no photons. When the state is not shifted, 
this measurement is described by the projection on the 
vacuum state |0). Furthermore, application of a coher- 
ent displacement D(a) is equivalent to the projection on 
a coherent state \a). And here comes the most strik- 
ing link of the quantum nonlocality with the phase space 
quasidistribution. Q ab (ce,[3) is consequently equal, up to 
a constant l/7r 2 , to the joint Q-function of the state |^). 
The operator Q(a), defined above, represents a projec- 
tion on a coherent state |a), and the correlation function 
is: 

Q ab (a,f3) = \{a,0\9) | 2 , (8) 

where \a,/3) = \a) a <8> The probabilities of no- 

count events on single detectors are given by marginal 
Q-functions: 

Q a {a) = (a|Tr 6 (|*)(*|)|a) a , 

Q b {P) = (0\Tr a {\*){*\)\0) b . (9) 

Thus, we now clearly see that the Q-function contains 
direct information on nonlocal quantum correlations. If 
a four-point combination of the type given in Eq. (j^) 
violates the inequality < CH < 1, this immediately 
certifies the nonlocal properties of the quantum state. 
This definition has an obvious operational meaning, as 
we have discussed an experiment in which the nonlocal 
character of the Q-function can be readily tested. 

Following a more traditional approach, the combina- 
tion CH defined in Eq. (||) can be also related to the 
probabilities of registering photons by the detectors. A 
simple calculation shows that CH can also be expressed 
as: 

CH = P a (0) + Pb(0) - P ab (0,0) 

-P ab {a,0)-P ab (0,f3)+P ab (a,(3) (10) 

where P a (ct), P b (P), and P ab (a, (3) are given by the expec- 
tation values over the state |^) of the operators: P a (a), 
P b {P), and P a (a) £g> P b ((3), respectively. 

In order to give an operational meaning to the Wigner 
function, we will now consider the case when the detec- 
tors are capable of resolving the number of absorbed pho- 
tons. Let us assign to each event +1 or —1, depending on 
whether an even or an odd number of photons has been 
registered. This measurement is described by a pair of 
projection operators: 
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fit + '(a) = D{a)Y,\ 2 k)(2k\DHa) (11) 

fc=0 

oo 

n ( - } (a) = £>(a) ^ |2fc + l)(2fc + l|£t( ). (12) 

k=0 

Using these projections, we construct the correlation 
function between the outcomes of the apparatuses a and 
b. This correlation has a clear analogy to spin or to pho- 
ton polarization joint measurements and it is given by 
the expectation value of the operator: 

n ab (a,/3) = (nW( Q )-n(-)( a ))®(f(|3)-n<-»W). 

(13) 

This quantity is proportional to the joint two-mode 
Wigner function of the state \^f). This link becomes ob- 
vious if we rewrite Ti a b{ot,(3) to the form: 

fl ab (a, (3) = D a (a)D b (p)(-lf«+*>Dl(a)Dl(l3) (14) 

showing that the correlation function is given by the dis- 
placed parity operator (— 1 )"»+"!> ; which is one of equiva- 
lent definitions of the Wigner function [|l0| . It is a striking 
result, that the nonlocality in a dichotomous correlation 
measurement in our setup is given directly by the phase 
space Wigner function of the state |^). 

An easy calculation yields the expectation value of the 
operator tl a b(a,(3) over the state |^): 

II a6 (a,/3) = (*|n ab (a,/?)|*) 

= (2\a-(3\ 2 -l)e- 2 ^ 2 - 2 ^ 2 . (15) 

Now we consider the combination jy}: 

B = n afc (o, 0) + n ab { a , 0) + n ab (o, 0) - U ab (a, 0) (16) 

for which local theories impose the bound — 2 < B < 2. 
Again we will take equal magnitudes of the coherent dis- 
placements \a\ 2 = \0\ 2 = J and a certain phase differ- 
ence between them = e 2%v ct. Then the combination B 
takes the form: 

B = -1+(4J- 2)e- 2J - {8J sin 2 (p - l)e" 4J ', (17) 

which, as shown in Fig. |3|, for sufficiently small intensities 
J violates the lower bound of the inequality imposed by 
local theories. As before, the strongest violation is ob- 
tained for ip — 7r/2, i.e., when the coherent displacements 
have opposite phases. 

It is now an interesting question whether the nonlo- 
cality of the Wigner function exhibited in the proposed 
experiment is connected to its nonpositivity. The Wigner 
function of the state I^P), containing only one photon, is 
not positive and exhibits the nonlocal character of quan- 
tum correlations. The nonlocal character of this phase 



space function is directly measured in an experiment in- 
volving a detection that resolves the number of absorbed 
photons. However, it should be pointed out that the 
above measurement for an incoherent mixtures of the 
two components forming the state |$) leads to a joint 
correlation equal to (2|a| 2 + 2|/3| 2 - \) e -^\ 2 -2\i3\\ Notc 
that this joint correlation is the Wigner function of the 
incoherent mixture. This function is nonpositive, but it 
does not exhibit any quantum interference effects and as 
a result the Bell inequality is not violated in this case. 
This shows, that the nonpositivity of the Wigner func- 
tion does not automatically guarantee violation of local 
realism Q . 

In conclusion, we have demonstrated that phase space 
quasidistribution functions: the Wigner function and the 
Q-function carry explicit information on nonlocality of 
entangled quantum states. This is due to the fact that 
these two quasidistributions directly correspond to non- 
local correlation functions which can be measured in a 
class of photon counting experiments involving applica- 
tion of coherent displacements. 
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FIG. 1. The optical setup proposed to demonstrate quan- 
tum nonlocality in phase space. A single photon incident on 
a 50:50 beam splitter generates a quantum singlet-like state. 
The measuring devices are photon counting detectors pre- 
ceded by beam splitters. The beam splitters have the trans- 
mission coefficient close to one, and strong coherent states 
injected into the auxiliary ports. In this limit, they effec- 
tively perform coherent displacements D a (a) and Db{0) on 
the two modes of the input field. 
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FIG. 2. The plot of the Clauser-Horne combination defined 
in Eq. ^ as a function of the intensity of coherent displace- 
ments J = |a| 2 = \/3\ 2 , for opposite phases /3 = —a. The 
dotted line indicates the upper bound imposed by local theo- 




FIG. 3. The plot of the combination defined in Eq. jl^ ) 
as a function of the magnitude of coherent displacements pa- 
rameterized with J = \a\ 2 — |/3| 2 , for j3 = —a. The dotted 
line indicates the lower bound imposed by local theories. 
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